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Abstract. If the preimage of a four-point set under a meromorphic function
belongs to the real line then the image of the real line is contained in a circle in
the Riemann sphere. We include an application of this result to holomorphic
dynamics: if the Julia set of a rational function is contained in a smooth curve
then it is contained in a circle.

If the full preimage of a two-point set under a rational function belongs to the
real line then the function maps the real line to a circle (on the Riemann sphere).
We prove an analog of this simple fact for transcendental functions meromorphic
in the plane.
Theorem 1. Let f be a meromorphic function such that the preimage of three
points belongs to the real line. Then f maps the real line into a circle, unless


1 − ei(c1 z−b1 )
(1)
f (z) = L
,
1 − ei(c2 z−b2 )
where L is a fractional-linear transformation, and cj , bj are real numbers.
Corollary. If the preimage of four points belongs to the real line then f maps the
real line into a circle.
The circle of the Corollary does not have to pass through the four points, as
the example f (z) = eiz shows: f maps the real line into the unit circle, and the
preimage of {0, eiα , eiβ , ∞}, α, β ∈ R, is on the real line, but in general there is no
circle passing through these four points.
We give an application of Theorem 1 to holomorphic dynamics. Fatou [3, no. 56,
p. 250] proved the following:
Let f be a rational function, and suppose that some relatively open subset of the
Julia set J(f ) is a simple smooth curve. Then the Julia set is either a circle or an
arc of a circle.
Here we call a curve smooth if it has a tangent at every point. We generalize
this result of Fatou:
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Theorem 2. If a relatively open subset of the Julia set of a rational function is
contained in a smooth curve, then the Julia set is contained in a circle.
This theorem was first proved in [2] using a different method. Our paper was
inspired by conversations on Theorem 2 with Sebastian van Strien whom we thank.
Hamilton [5] constructed a rational function whose Julia set is a Cantor subset
of a rectifiable curve, but does not belong to any circle.
In the discussion of examples of Julia sets we assume that the circle in question is
the real line. Our first example is a “Blaschke product” (a rational function f such
that both upper and lower halfplanes are invariant under the second iterate f 2 ).
The Julia set of such a function can be either a Cantor set on the real line or
coincide with the real line.
The second class of examples consists of certain real polynomials. Suppose that
the Julia set of a polynomial f of degree d is contained in the real line, and let [a, b]
be the convex hull of the Julia set. Then f is a real function, f ({a, b}) ⊂ {a, b},
all finite critical points of f belong to [a, b], and all critical values belong to the
complement of (a, b). It is easy to show that these properties are also sufficient for
the Julia set to lie on the interval [a, b] of the real line. If all critical values belong
to the set {a, b} then f is conjugate to a Chebyshev polynomial, or to the negative
of a Chebyshev polynomial.
There are also examples which are neither Blaschke products nor polynomials,
the simplest of them is f (z) = (z 2 − c)/(1 + εz), where c < −2 and ε is real and
small enough. It is desirable to give some classification of rational functions whose
Julia sets are contained in the real line.
For the proof of Theorem 1 we need the following result.
Lemma. Let f be a meromorphic function and a1 , a2 , a3 three points in the Riemann sphere such that all solutions of the equations
f (z) = aj ,

j = 1, 2, 3

are real. Then either f maps the real line into the circle passing through the aj , or
the order of f is at most 1.
Proof. We use standard facts and notation of Nevanlinna theory and Tsuji characteristics for a halfplane [4]. One could give a more elementary but longer proof by
following the method of Edrei’s paper [1].
Without loss of generality we assume that (a1 , a2 , a3 ) = (0, 1, −1). We have to
prove that f is either real or has order at most 1. Let g(z) = f (z). As all aj -points
of f are real, we conclude that f and g share aj -points, counting multiplicity. If
f = g then f is real. If f 6= g, then we have
N (r, 0, f − g) ≥ N (r, a1 , f ) + N (r, a2 , f ) + N (r, a3 , f ).
On the other hand,
N (r, 0, f − g) ≤ T (r, f − g) + O(1) ≤ 2T (r, f ) + O(1).
Combining these two inequalities, and using the First Main Theorem of Nevanlinna,
we conclude that
(2)

T (r, f ) ≤ m(r, a1 , f ) + m(r, a2 , f ) + m(r, a3 , f ) + O(1).
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As f omits three values in the upper and lower half-planes, we conclude that its
Tsuji characteristics in both half-planes satisfy
(3)

m(r, aj , f ) = T(r, f ) + O(1) = O(log r),

see [4, Ch. III, §3]. Now we use the estimate of the Nevanlinna proximity functions
in terms of the Tsuji proximity functions [4, Ch. VI, Lemma 5.2]
Z ∞
Z ∞ ∗
m(r, a, f )
m (r, a, f )
dr ≤
dr, R > 0,
3
r
r2
R
R
where m∗ is the sum of the Tsuji proximity functions of the upper and lower halfplanes. Using (3) and (2), we conclude that
Z ∞
T (r, f )
dr = O(R−1 log R),
3
r
R
and as T is increasing, we obtain T (R, f ) = O(R log R), that is the order of f is at
most 1.

Proof of Theorem 1. Without loss of generality we assume that the three points
are 0, 1, ∞. Then we have to prove that our function f is real, unless it is of the
form (1).
Put g(z) = f (z). Then f and g share three values 0, 1, ∞ (counting multiplicity).
We conclude that
f −1
f
= eu and
= ev ,
g
g−1
where u and v are some entire functions.
By solving these equations with respect to f and g we obtain
1 − ev
1 − ev
g= u
and f =
.
v
e −e
1 − ev−u
Our Lemma implies that if f is not real, then f is of order at most 1, so both
functions u and v are affine in this case. It is easy to see now that any non-constant
function u or v has to be of the form i(cz + b) where the coefficients c and b are
real.
If both u and v are non-constant, or both of them are constant, then f is of the
form (1).
If one of the functions u, v is constant and the other is not, then f (z) =
L(ei(cz+b) ), where L is a fractional-linear transformation, and c ∈ R\{0}, so f
maps the real line into a circle.

Proof of the Corollary. It is enough to consider exceptional functions of the form
1 − eiz
.
1 − ei(cz+b)
where c ∈
/ {0, 1}. (If c ∈ {0, 1} then f (z) = L(eiz ), where L is a fractional-linear
transformation, and f maps the real line into a circle). Suppose that the preimage
of some a ∈ C\{0, 1, ∞} belongs to the real line. We are going to prove that f
maps the real line into a circle.
So we assume that the equation
f (z) =

(4)

1 − a − eiz + aei(cz+b) = 0

has only real zeros. The left hand side of this equation is an entire function of order 1
with only real zeros, so by Hadamard’s factorization theorem it is a product of a
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real entire function w and e−iγz with some real γ. Thus the ratio of the left hand
side of (4) and e−iγz is a real entire function w, that is w(z) = w(z) which gives
w(z) ≡ (1 − a)eiγz − ei(1+γ)z + aeib ei(c+γ)z
≡ (1 − a)e−iγz − e−i(1+γ)z + ae−ib e−i(c+γ)z .
Such an identity can only hold for trivial reasons, because any set of functions eiαz
is linearly independent. In particular, we conclude that
γ ∈ {0, −1 − γ, −c − γ}.
We examine all three possibilities.
1. γ = 0 implies a = a, then c = −1 and aeib = −1. As we assume that
a 6= 1 and b is real, the only possibility is that a = −1 and eib = 1. Then f (z) =
(1 − eiz )/(1 − e−iz ) = −eiz maps the real line into the unit circle.
2. γ = −1 − γ implies γ = −1/2 and then c ∈ {0, 1}, the cases we excluded
before.
3. γ = −c − γ implies γ = −c/2 and then again c ∈ {0, 1}, the cases excluded
before.

Proof of Theorem 2. Let V be an open set such that the intersection J ∩ V is
non-empty and is contained in a smooth simple curve γ. Let p ∈ J ∩ V be a
repelling periodic point. Replacing f by some iterate we may assume without loss
of generality that p is fixed by f .
Consider the Poincaré function F associated with f and p. This function satisfies
F (λz) = f (F (z)),

F (0) = p,

F 0 (0) = 1,

and is meromorphic in C. Here λ = f 0 (p), |λ| > 1.
Let I = F −1 (J) be the preimage of the Julia set under F . Then λI = I. As
F is conformal at 0, there is a λ−1 -invariant neighborhood U of 0 such that I ∩ U
belongs to a smooth simple curve Γ passing through 0. This curve is defined by the
property that F (Γ) ⊂ γ. It is easy to see that whenever a subset of a smooth curve
is invariant with respect to multiplication by λ−1 , this subset has to belong to a
straight line through 0 and λ has to be real. (This argument was used by Fatou
[3, no. 46, p. 229]). Thus the intersection of I with a neighborhood of 0 belongs
to a straight line. Then λ-invariance of I implies that the whole set I is contained
in a straight line. As F -preimages of all points of the Julia set belong to I, an
application of the Corollary to Theorem 1 shows that the Julia set is contained in
a circle.
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