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Introduction and main result

Let f and g be transcendental entire functions and let p be a nonconstant
polynomial. A recent result of Bergweiler [2] says that the function f (g(z)) −
p(z) has infinitely many zeros, confirming a conjecture of Gross [11] dealing
with the special case p(z) = z. The case that f (g) is of finite order follows
from either of the earlier results of Gol’dberg and Prokopovich [8], Goldstein
[9], Gross and Yang [15], and Mues [19]. In fact, various generalizations are
obtained in these papers. In particular, it follows from each of these papers
that if f and g are entire, p is a nonconstant polynomial, and f (g(z)) − p(z)
has only finitely many zeros, then either f is linear or there exists a polynomial
q such that p = q(g), provided f (g) is transcendental and of finite order (the
restriction on the order not being essential, as shown in [4]). This latter result
does not hold for meromorphic
√ f , even if2 f (g) has finite order, as shown by
√
the example f (z) = i z tan z, g(z) = z , and p(z) = z.
It is natural to conjecture, however, that the function f (g(z)) − R(z) has
infinitely many zeros, if f is meromorphic and transcendental, g is entire and
transcendental, and R is rational and nonconstant. As proved in [3], this is
in fact the case if R(z) = z and hence for any Möbius transformation R. The
method used in [3], however, does not seem to be suitable to handle the case
that the degree of R is greater than one.
In this paper, we give an affirmative answer to the above question in the
case that f (g) has finite order.
Theorem Let f be meromorphic and transcendental, let g be entire and transcendental, and let R be rational and nonconstant. If f (g) has finite order,
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then the function f (g(z)) − R(z) has infinitely many zeros.
Our proof is based on a theorem of Steinmetz [21]. This result has proved
to be a powerful tool in the study of questions of the above type (cf. [1,
12, 18, 23, 24]), if the functions under consideration satisfy certain growth
restrictions. In the papers cited, however, it has been applied only in the
case of entire functions. One of the purposes of this paper is to show that
Steinmetz’s theorem can be used to obtain results for meromorphic functions
as well, although some additional difficulties are encountered.
We note that if f is entire, then the conclusion of our theorem remains
valid if R is constant, cf. [10] and [20]. It is easy to show that this is not the
case if f is meromorphic.
We shall assume that the reader is familiar with the basic results of Nevanlinna theory (cf. [16, 17]) and we shall freely use standard notations of this
theory such as T (r, f ) and N (r, f ).
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A result of Steinmetz

The result of Steinmetz referred to in the introduction is the following.
Lemma (Steinmetz [21, Satz 1, Korollar 1]) Let F0 ,F1 ,. . .,Fm be not identically
vanishing meromorphic functions and let h0 ,h1 ,. . .,hm be meromorphic functions that do not all vanish identically. Let g be a nonconstant entire function
and suppose that there exists a positive constant K such that
m
X

T (r, hj ) ≤ KT (r, g) + S(r, g),

j=0

where S(r, g) = o(T (r, g)) as r → ∞ outside some exceptional set of finite
measure. Suppose also that
F0 (g)h0 + F1 (g)h1 + . . . Fm (g)hm = 0.
Then there exist polynomials P0 ,P1 ,. . .,Pm that do not all vanish identically
such that
P0 (g)h0 + P1 (g)h1 + . . . Pm (g)hm = 0
and there exist polynomials Q0 ,Q1 ,. . .,Qm that do not all vanish identically
such that
Q0 F0 + Q1 F1 + . . . Qm Fm = 0.
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Generalizations and different proofs of this result have been given by Brownawell [5] and Gross and Osgood [13, 14].
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Proof of the theorem

First we note that f has order zero and g has finite order by a result of Edrei
and Fuchs [7, Corollary 1.1]. By f1 and f2 we denote the canonical products
of the zeros and poles of f . Then f1 and f2 have order zero. We may assume
without loss of generality that f (0) = 1, that is, f = f1 /f2 .
Suppose now that f (g(z)) − R(z) has only finitely many zeros. Then
f1 (g(z)) − R(z)f2 (g(z)) has only finitely many zeros and poles so that
f1 (g(z)) − R(z)f2 (g(z)) = q(z)eα(z)

(1)

for a rational function q and an entire function α.
First we show that the left side of (1) has finite lower order. To do this, we
note that because g has finite order, we can apply a result of Edrei and Fuchs
[7, Theorem 1] and Valiron [22] and deduce that
1
n M (r, g),
f

!

!

≤n r

1+ε

1
,
+ O(1)
f (g)

and




n (M (r, g), f ) ≤ n r1+ε , f (g) + O(1)
if ε > 0 (cf. [17, p. 148]). We define N (r) = N (r, 1/f1 ) + N (r, 1/f2 ), that is,
N (r) = N (r, 1/f ) + N (r, f ). Since f has order zero, there exist arbitrary large
r such that
N (M (r, g))
N (t)
√ ≤ q
t
M (r, g)
for t ≥ M (r, g). Well-known estimates of canonical products (cf. [16, p. 102])
show that
log M (M (r, g), f1 ) + log M (M (r, g), f2 )
Z ∞
N (t)
≤ M (r, g)
dt
M (r,g) t2
Z ∞
q
1
≤ N (M (r, g)) M (r, g)
dt
M (r,g) t3/2
= 2N (M (r, g))
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for these r. Since N (r, 1/fj ) ≤ n(r, 1/fj ) log r + O(1) and M (r, fj (g)) ≤
M (M (r, g), fj ) for j = 1, 2, we obtain
log M (r, f1 (g)) + log M (r, f2 (g))
!
!
1
+ n(M (r, g), f ) log M (r, g) + O(1)
≤ 2 n M (r, g),
f
!
!


1
1+ε
1+ε
≤ 2 n r ,
+ n r , f (g) log M (r, g) + O(log M (r, g))
f (g)
≤ r(1+ε)(ρ(f (g))+ε)+ρ(g)+ε
for arbitrary large r, where ρ(f (g)) and ρ(g) denote the order of f (g) and g,
respectively. We deduce that the left side of (1) has finite lower order.
It follows that eα has finite lower order and this implies that α is a polynomial. Differentiating (1) we find that
q0
+ α0 (f1 (g) − Rf2 (g)),
q
!

f10 (g)g 0

0

− R f2 (g) −

f20 (g)g 0 R

0

0

α

= (q + qα )e =

that is,
q0
+ α0 + f2 (g)
− f1 (g)
q
!

f10 (g)g 0

−

f20 (g)g 0 R

q0
+ α0 R − R0 = 0.
q
!

!

Steinmetz’s result shows that there are polynomials P0 , P1 , P2 , and P3 that
do not all vanish identically such that
q0
P0 (g)g − P1 (g)g R − P2 (g)
+ α0 + P3 (g)
q
!

0

0

q0
+ α0 R − R0 = 0.
q
!

!

We deduce that g 0 (z) = P (g(z), z) for some function P which is rational in
g(z) and z. (Here we have used the hypothesis that R is nonconstant.) A
theorem of Malmquist (cf. [17, p. 170]) implies that this differential equation
for g is actually a Riccati equation. Because g is entire, we can deduce that P
has the form P (g(z), z) = a(z)g(z) + b(z) where a and b are rational functions.
It follows that if A is an antiderivative of a, then
g(z) = eA(z)

Z z

b(t)e−A(t) dt + c



(2)

z0

for suitable constants c and z0 . Suppose that A(z) = A0 eiθ z d + o(|z|d ) as |z| →
∞ where A0 > 0. Then g has order d, in fact, we have T (r, g) ∼ γrd for some
positive γ as r → ∞. Moreover, we deduce from (2) that if cos(θ + dϕ) < 0,
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then |g(reiϕ )| < rβ for some positive β and all sufficiently large r. Since f1
and f2 have order zero, we deduce that if cos(θ + dϕ) < 0 and ε > 0, then
Re α(reiϕ ) = log |f1 (g(reiϕ ) − R(reiϕ )f2 (g(reiϕ )|
≤ log M (rβ , f1 ) + log M (rβ , f2 ) + O(log r)
≤ rε
for sufficiently large r. Choosing ε < 1 we find that α is either constant or
α(z) = α0 eiθ z d + o(|z|d ) as |z| → ∞ where α0 > 0. In the latter case, we
find T (r, eα ) ∼ α0 rd /π as r → ∞. In any case, we have T (r, eα ) = O(T (r, g))
as r → ∞. Hence Steinmetz’s theorem can be applied to the equation (1).
It follows that there exist polynomials Q1 , Q2 , and Q3 that do not all vanish
identically such that
Q1 f1 + Q2 f2 = Q3 .
(3)
Suppose first that Q2 does not vanish identically. Solving (3) for f2 , substituting in (1), and solving the resulting equation for f1 (g) we find that
f1 (g) =

qeα Q2 (g) + RQ3 (g)
.
Q2 (g) + RQ1 (g)

But if Q2 does vanish identically, then this equation follows directly from (3).
Hence
eα Q2 (g) + RQ3 (g)
T (r, f1 (g)) = T r,
Q2 (g) + RQ1 (g)

!

= O(rd ) = O(T (r, g))

in any case. Combining this with (1), we find that
T (r, f2 (g)) = O(T (r, g)).
From a result of Clunie [6, Theorem 1] we can deduce now that f1 and f2 are
polynomials. It follows that f = f1 /f2 is rational, contradicting the hypothesis.
This completes the proof.
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