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Introduction and main results

Let f be an entire transcendental function. The iterates fn are defined by
f0 (z) = z and fn (z) = f (fn−1 (z)) for n ≥ 1. We say that z0 is a periodic
point of f , if fn (z0 ) = z0 for some positive integer n. In this case, n is called
a period of z0 and the smallest n with this property is called the primitive
period of z0 . The periodic points of period 1 are the fixpoints of f . If z0 is
a periodic point of period n, then fn0 (z0 ) is called the multiplier of z0 (with
respect to n). A periodic point z0 is said to be attracting, indifferent, or
repelling according as the modulus of its multiplier is less than, equal to,
or greater than 1. The multiplier of an indifferent periodic point z0 is of
the form e2πiα for some real α. If α is rational, then z0 is called rationally
indifferent. Otherwise, z0 is called irrationally indifferent.
The periodic points play an important role in iteration theory. For an
introduction into iteration theory, we refer to the classical papers of Fatou
[23] and Julia [32] for rational functions and Fatou [24] for entire functions.
More recent presentations of the theory have been given e. g. by Blanchard
[16], Brolin [17], and Lyubich [34] for rational functions and by Baker [9],
Eremenko and Lyubich [22], and Gross [25, Chapter 8] for rational and entire
functions.
The main objects studied in iteration theory are the set of normality or
Fatou set of f , which is defined to be the set of all complex numbers where the
family of iterates of f is normal, and the Julia set of f , which, by definition,
is the complement of the Fatou set. It is easy to see that repelling periodic
points are in the Julia set while attracting periodic points are in the Fatou
set. It is also well-known that rationally indifferent periodic points are in
the Julia set. For irrationally indifferent periodic points, it is generally not
easy to decide whether they are in the Julia set or in the Fatou set. Both
possibilities do occur.
The importance of the periodic points is also illustrated by a result of
Fatou [24, p. 354] who proved that every point in the Julia set is a limit
point of periodic points. This was strengthened by Baker [8] who proved
that every point in the Julia set is a limit point of repelling periodic points,
that is, the Julia set is the closure of the set of repelling periodic points.
In particular, since the Julia set is known to be non-empty, Fatou’s and
Baker’s results imply that there are infinitely many periodic and in fact infinitely many repelling periodic points. The question arises whether anything
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can be said about the periods and primitive periods of these points. This
question was already addressed by Fatou in 1926. Fatou [24, p. 345] proved
that there exists at least one periodic point of period 2. He also noted that
there are in fact infinitely many periodic points of period 2 and sketched the
proof of this assertion. In 1948, this result was generalized by Rosenbloom
[35] who proved that there are infinitely many periodic points of period n for
any n ≥ 2. Baker [29, Problem 2.20] (see also [6, p. 284] and [28, Appendix,
p. 184]) conjectured in 1967 that if n ≥ 2, then there exist infinitely many
periodic points of primitive period n. Earlier, he had proved [6] that there
exists at most one positive integer n (depending on f ) for which this fails
to be true. For other partial results concerning this conjecture we refer to
[4, 5, 11]. One of the purposes of this paper is to prove that Baker’s conjecture
is correct. In fact, we shall prove the following more general result.
Theorem 1 Let f be an entire transcendental function and n ≥ 2. Then f
has infinitely many repelling periodic points of primitive period n.
We remark that entire functions need not have attracting periodic points.
An example, already known to Fatou [24, p. 370] (see also [9, §8]), is given
by f (z) = ez . Also, if n = 1, then the conclusion of Theorem 1 need not hold,
as shown by examples like f (z) = ez + z + a where |a − 1| ≤ 1. For functions
of lower order less than 12 or of order 21 and type 0, however, Whittington
[38, p. 532], using a theorem of Kjellberg [33] on the minimum modulus,
proved that there exist infinitely many fixpoints which are repelling or have
multiplier 1. For rational functions (of degree not less than two), it was
proved by Fatou [23, p. 168] and Julia [32, p. 85 and p. 243] that there exists
at least one fixpoint which is repelling or has multiplier 1.
We note two consequences of Theorem 1.
Corollary 1 If all fixpoints of an entire transcendental function F have different multipliers, then F is not the n-th iterate, n > 1, of any entire function
f.
Corollary 2 An entire transcendental function F with at most finitely many
repelling fixpoints is not the n-th iterate, n > 1, of any entire function f .
These results were proved by Baker [4, p. 152] and Whittington [38, p. 533]
under additional assumptions on the order of F or f . A considerable generalization of Corollary 2 will be stated and proved in §9.
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This paper is organized as follows. In §2 and §3, we state some known
results. They are used in §4 to prove a theorem about repelling fixpoints of
composite entire functions. This result is stated as Theorem 2. In §5, we
state some facts from iteration theory. These results, together with Theorem
2, are used in §6 to prove Theorem 1. Corollary 1 is also proved in §6. The
proof of Corollary 2 is immediate and will be omitted. In §7, some remarks
and open questions concerning periodic points of entire functions are given.
In §8, we give a new proof of a conjecture of Gross (see [21, p. 542, Problem
32] and [25, Problem 5]) which says that any composite function of entire
transcendental functions has infinitely many fixpoints. The first proof was
given in [12]. This result is generalized in §9, where we prove that such
functions have in fact infinitely many repelling fixpoints.

2

Some results from Wiman-Valiron theory

We denote the central index of an entire function g by ν(r, g). By F we
denote an exceptional set of finite logarithmic measure, not necessarily the
same at each occurrence. We quote some standard results from WimanValiron theory (e. g. [30, 37]).
Lemma 1 Let g be an entire transcendental function and let K and η be
positive constants. If |z0 | = r, |g(z0 )| ≥ ηM (r, g), and |τ | ≤ K/ν(r, g), then
(1)

g(z0 eτ ) ∼ g(z0 )eν(r,g)τ

and
(2)

g 0 (z0 eτ ) ∼

ν(r, g)
g(z0 eτ )
τ
z0 e

(r 6∈ F )

(r 6∈ F ).

The following lemma is a consequence of Lemma 1 and Rouché’s Theorem.
For the details of the proof, we refer to [10, Lemma 2].
Lemma 2 Let g be an entire transcendental function and let K, η, and ε
be positive constants. If |σ1 | < K, |g(z0 )| ≥ ηM (r, g), and |z0 | = r 6∈ F ,
then there exists τ1 such that |ν(r, g)τ1 − σ1 | < ε and g(z0 eτ1 ) = g(z0 )eσ1 . If
ε < 2π and if r 6∈ F is large enough, then τ1 is unique.
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Lemma 3 Let g be an entire transcendental function and let C and η be
positive constants. Let j be an integer and suppose that r 6∈ F and that
z0 satisfies |z0 | = r and |g(z0 )| ≥ ηM (r, g). Then there exists an analytic
function τj (z) defined for |z − z0 | ≤ Cr/ν(r, g) which satisfies
|τj (z)ν(r, g) − 2πij| → 0

as

r → ∞,

g(zeτj (z) ) = g(z),
and

d
(zeτj (z) ) ∼ 1
dz

as

r → ∞.

Lemma 3 was proved in [12, Lemma 3] for the case j = 1. The general case
can be proved by the same method, as already pointed out in [11, Lemma 3].
Clunie [18, p. 76] has pointed out that one can use (1) to prove the
following result.
Lemma 4 If h and g are transcendental entire functions, then
M (r, h ◦ g) = M ((1−o(1))M (r, g), h)

(r 6∈ F )

and
M (r, h ◦ g) = M (M ((1−o(1))r, g), h).

3

Results of Ahlfors, Dufresnoy, and Hayman

One of the main tools that we shall use is the following result.
Lemma 5 Let G1 , G2 , and G3 be three simply connected domains whose
closures are pairwise disjoint. If f (z) is analytic in |z − z0 | < R and fails
to map any subregion of |z − z0 | < R conformally onto one of the domains
Gj (j = 1, 2, 3), then
2µ(log µ + A)
R≤
,
|f 0 (z0 )|
where µ = max{1, |f (z0 )|} and A is a constant depending only on the domains
Gj .

5

With 2µ(log µ+A) replaced by A(1+|f (z0 )|2 ), this result is due to Ahlfors [1,
p. 9] and Dufresnoy [20, p. 224]. In this form, it also holds for meromorphic
f , if we take five regions instead of three regions. It can be deduced from
Ahlfors’s theory of covering surfaces (see [2] or [28, Chapter 5]).
In the above form, the result is essentially due to Hayman [27]. It is a
direct consequence of Theorems 6.8, 6.6, and 5.5 of his book [28].

4

Repelling fixpoints of composite functions

It was proved in [11] that certain composite meromorphic functions have
infinitely many repelling fixpoints. If we restrict ourselves to entire functions,
then we can obtain stronger results.
Theorem 2 Let h and g be entire transcendental functions and let K and
ε be positive constants, K > 1. Suppose that h ◦ g has only finitely many
repelling fixpoints z 0 for which |g(z 0 )| ≥ M (|z 0 |/2, g). If r 6∈ F and if w1 and
w2 are complex numbers satisfying
(3)
then
(4)

1
M (r, g) ≤ |wj | ≤ KM (r, g)
K

(j = 1, 2),

1
log |h(w1 )| ≤ log |h(w2 )| ≤ (1 + ε) log |h(w1 )|.
(1 + ε)

Proof. Suppose that there exist K, ε, w1 , and w2 satisfying the hypotheses
of the theorem, but that (4) is not satisfied. Interchanging w1 and w2 if
necessary, we may assume that
(1 + ε) log |h(w2 )| < log |h(w1 )|.
We claim that there exists w0 satisfying
(5)

1
M (r, g) ≤ |w0 | ≤ KM (r, g),
K

(6)

|h(w0 )| ≥ |w0 |,

and
(7)

|h0 (w0 )|
δ
≥
|h(w0 )| log |h(w0 )|
|w0 |
6

for some positive δ depending on K and ε, provided r is large enough. We
prove this claim only for the case that |w1 | ≤ |w2 |. The case |w2 | < |w1 |
is similar. We may assume that |h(w1 )| = M (|w1 |, h) and from (3) we can
deduce that |w2 | ≤ K 2 |w1 |. Hence there exists a curve γ(t), 0 ≤ t ≤ 1, of
length at most (K 2 − 1 + π)|w1 | such that γ(0) = w1 , γ(1) = w2 , and
1
M (r, g) ≤ |w1 | ≤ |γ(t)| ≤ |w2 | ≤ KM (r, g).
K
Define t1 = inf{t : (1 + ε) log |h(γ(t))| ≤ log |h(w1 )|}. Then t1 > 0 and
log |h(w1 )| = (1 + ε) log |h(γ(t1 ))|. For a suitable branch of the logarithm, we
have
ε
| log h(γ(t1 ))| ≤ log |h(γ(t1 ))| + π ≤ (1 + ) log |h(γ(t1 ))|,
2
if r is large enough. It follows that
| log log h(w1 ) − log log h(γ(t1 ))|
≥ log | log h(w1 )| − log | log h(γ(t1 ))|
ε
≥ log log |h(w1 )| − log log |h(γ(t1 ))| − log(1 + )
2
ε
= log(1 + ε) − log(1 + ).
2
Hence we have
ε
log(1 + ε) − log(1 + ) ≤ | log log h(w1 ) − log log h(γ(t1 ))|
2
Z t1
h0 (γ(t))γ 0 (t)
= |
dt|
0 h(γ(t)) log h(γ(t))
Z t1
h0 (γ(t))
≤ max |
|
|γ 0 (t)|dt
0≤t≤t1 h(γ(t)) log h(γ(t))
0
|h0 (γ(t0 ))|
≤
(K 2 − 1 + π)|w1 |,
|h(γ(t0 ))| log |h(γ(t0 ))|
if the maximum is attained for t = t0 . We define w0 = γ(t0 ) and, since
|w1 | ≤ |w0 |, we deduce that (7) holds with
δ=

log(1 + ε) − log(1 + 2ε )
,
K2 − 1 + π
7

provided r is large enough. Clearly, (5) and (6) also hold for large r.
Now we choose z0 such that |z0 | = r 6∈ F and |g(z0 )| = M (r, g). Since
w0 = eσ g(z0 ) for some σ satisfying |Re σ| ≤ log K and |Im σ| ≤ π, we deduce
from Lemma 2 that there exists s satisfying
|s| ≤ (1 + o(1))

log K + π
ν(r, g)

and g(z0 es ) = w0 . We define u0 = z0 es . Then g(u0 ) = w0 ,
|g 0 (u0 )| ∼ |

ν(r, g)
ν(r, g)
g(u0 )| =
|w0 |
r
r

by (2), and
|u0 − z0 | = r|es − 1| ≤ (1 + o(1))
We define
f (z) =

(log K + π)r
(log K + 4)r
≤
.
ν(r, g)
ν(r, g)

ν(r, g)
(h(g(z)) − u0 ).
u0

Then

ν(r, g)
ν(r, g)
|h(w0 ) − u0 | ∼
|h(w0 )|
r
r
by (6). In particular, we have |f (u0 )| > 1 for large r by (5) and (6). It is
easy to see that log ν(r, g) = o(log M (r, g)) for r 6∈ F . It follows that
(8)

|f (u0 )| ∼

log |f (u0 )| ∼ log |h(w0 )|.

(9)
Moreover,
(10)

|f 0 (u0 )| ∼

ν(r, g)2 0
ν(r, g) 0
|h (g(u0 ))g 0 (u0 )| ∼
|h (w0 )w0 |
r
r2

by (2). Combining the last three equations with (7) we find that

(11)

2|f (u0 )|(log |f (u0 )| + A)
|f 0 (u0 )|
2|h(w0 )| log |h(w0 )|r
= (1 + o(1))
|w0 h0 (w0 )|ν(r, g)
3 r
≤
,
δ ν(r, g)
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if A is a constant and r 6∈ F .
We now choose an integer N satisfying N > 5/δ and apply Lemma 5
for Gj = D(2πijN, 5/δ). Here and in the following D(a, R) denotes the
disk of radius R about a. It follows that there exist j ∈ {1, 2, 3} and a
domain G contained in D(u0 , 3r/δν(r, g)) such that f maps G conformally
onto Gj , provided r 6∈ F . We choose τ−jN according to Lemma 3 and define
σ(z) = z exp(τ−jN (z)). Moreover, we define uj = u0 (1+2πijN/ν(r, g)). It is
not difficult to see that D(u0 , 3r/δν(r, g)) ⊂ σ(D(uj , 4r/δν(r, g))) for r 6∈ F .
Hence there exists H contained in D(uj , 4r/δν(r, g)) such that G = σ(H) and
f (σ(z)) maps H conformally onto Gj . Hence h(g(σ(z))) maps H conformally
onto D(uj , 5|u0 |/δν(r, g)). By Lemma 3, we have h(g(z)) = h(g(σ(z))). It
follows that h(g(z)) maps H conformally onto D(uj , 5|u0 |/δν(r, g)). Since,
for r 6∈ F large enough, the closure of H is contained in D(uj , 5|u0 |/δν(r, g)),
we deduce as Baker in [8, p. 255] from Rouché’s theorem and Schwarz’s
lemma that the inverse function of h ◦ g has an attracting fixpoint z 0 in H.
Clearly, z 0 is a repelling fixpoint of h ◦ g.
We note that
|z 0 − z0 | ≤ |z 0 − uj | + |uj − u0 | + |u0 − z0 |
2πjN |u0 | (log K + 4)r
5|u0 |
+
+
≤
δν(r, g)
ν(r, g)
ν(r, g)
Cr
≤
ν(r, g)
if C > 5/δ + 2πjN + log K + 4 and r 6∈ F . This implies that z 0 is of the form
z 0 = z0 et for some t satisfying |t| ≤ (1 + o(1))C/ν(r, g). Hence we have
(12)

|g(z 0 )| ≥ (1 + o(1))e−C M (r, g) ≥ M (

|z 0 |
, g)
2

by Lemma 1, provided r 6∈ F is large enough.
Altogether, since z0 and hence z 0 can be chosen arbitrarily large, we obtain
a contradiction to our hypothesis that h ◦ g has only finitely many repelling
fixpoints z 0 which satisfy (12). This completes the proof of Theorem 2.

5

Results from iteration theory

In the proof of Theorem 1, we shall use some results about attracting and rationally indifferent periodic points. The results that we need about rationally
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indifferent periodic points are summarized in the following lemma. They are
essentially due to Fatou [23, Chapters 2 and 4]. A more recent exposition can
be found in the survey article of Lyubich [34, §1.10]. Although Fatou and
Lyubich consider only rational functions, the results hold for entire functions
as well. Fatou’s results were used by Baker [7] who determined in which cases
polynomials or rational functions may fail to have periodic points of some
primitive period. Our presentation of Fatou’s results follows that of Baker
[7, Lemma 4] and Lyubich [34, §1.10].
Lemma 6 Let f be an entire function and let z0 be a periodic point of primitive period p. Suppose that z0 is rationally indifferent and let t be the smallest
positive integer such that (fp0 (z0 ))t = 1. Then fpt has a Taylor series
fpt (z) = z0 + (z − z0 ) +

∞
X

aν (z − z0 )ν

(am+1 6= 0)

ν=m+1

where m is of the form m = kt for some positive integer k. Moreover, if we
define zj = fj (z0 ) for 1 ≤ j ≤ p − 1, then for each j satisfying 0 ≤ j ≤ p − 1
there are exactly m components Dij (1 ≤ i ≤ m) of the Fatou set of f which
contain zj as a boundary point and have the property that limν→∞ fνp (z) = zj
for z ∈ Dij . The domains Dij are called Leau domains. The set of the
pm = pkt Leau domains Dij falls into k disjoint subsets called cycles of Leau
domains, each of pt domains, the domains of each subset being permuted
cyclically by f . Each cycle of Leau domains contains at least one singularity
of f−1 , the inverse function of f .
The Leau domains Dij contain subdomains Lij called Leau petals which
have zj as a boundary point and which are bounded by piecewise analytic
curves. Let L be the union of all Lij and assume that ε > 0. Then the Lij
can be chosen such that f (L) ⊂ L and Lij ⊂ D(ε, zj ) for all i and j.
For attracting periodic points, the situation is simpler. It is described in the
following lemma (cf. e. g. [23, Chapter 4] or [34, §1.8]).
Lemma 7 Let f be an entire function and let z0 be an attracting periodic
point of primitive period p. Define zj = fj (z0 ) for 1 ≤ j ≤ p − 1, denote by
Dj the component of the Fatou set that contains zj , and define D to be the
union of all Dj , 0 ≤ j ≤ p − 1. Then D contains at least one singularity of
f−1 .
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We shall also need a result which says that the Leau domains and the domains
Dj in Lemma 7 are bounded under certain hypotheses. This has been proved
by Bhattacharyya [15, Theorem 1] if the order of f is less than 21 or if f has
order 12 and type 0. We use Bhattacharyya’s method to prove the following
result.
Lemma 8 Let f be an entire function and let z0 be a rationally indifferent
or attracting periodic point of primitive period p. Define zj = fj (z0 ) for
0 ≤ j ≤ p − 1. If z0 is rationally indifferent, let D be the union of the Leau
domains which have one zj as a boundary point. If z0 is attracting, let D be
as in Lemma 7. Suppose that there exists a simple closed curve Γ0 such that
Γ0 ∩ f (Γ0 ) = ∅ and Γ0 ⊂ f (int(Γ0 )) where int(Γ0 ) denotes the interior of Γ0 .
Furthermore suppose that zj ∈ int(Γ0 ) for 0 ≤ j ≤ p − 1. Then D ⊂ int(Γ0 ).
Proof. We give the proof only for the case that z0 is rationally indifferent.
The case that z0 is attracting is similar. Let L be the union of the Leau
petals of the zj according to Lemma 6. We may assume that f (L) ⊂ L and
L ⊂ int(Γ0 ). Suppose now that D 6⊂ int(Γ0 ), that is, D ∩ Γ0 6= ∅. Then there
is a curve γ contained in D which connects one of the Leau petals with Γ0 .
Since γ is a compact subset of D, there exists j satisfying 0 ≤ j ≤ p − 1 such
that limν→∞ fνp (z) = zj uniformly for z ∈ γ. On the other hand, one easily
sees that for each ν ≥ 1, there exists zν ∈ γ such that fν (zν ) ∈ Γ0 . This is a
contradiction and the lemma is proved.

6

Proof of Theorem 1

Suppose that f has only finitely many repelling periodic points of primitive
period n. Define l = max{p : p < n, p|n} and h = fl . Moreover, define
m = n − l and g = fm . We shall prove that the hypotheses of Theorem 2 are
satisfied. Suppose that z 0 is a repelling fixpoint of h ◦ g, that is suppose that
z 0 is a repelling periodic point of f of period n. By our assumption, there are
only finitely many repelling periodic points of primitive period n. Hence, if
|z 0 | is large enough, then z 0 has primitive period j for some j < n. Clearly,
we have 1 ≤ j ≤ l ≤ m. It follows that
|g(z 0 )| = |fm (z 0 )| = |fm−j (fj (z 0 ))| = |fm−j (z 0 )| ≤ M (|z 0 |, fm−j ).
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Also, we have

1
|z 0 |
|z | < M ( , fj ),
2
2
if |z 0 | is large. Combining the last two inequalities with Lemma 4 we deduce
that
0

1
|z 0 |
|z 0 |
|z 0 |
|g(z 0 )| < M ( M ( , fj ), fm−j ) ≤ M ( , fm ) = M ( , g),
2
2
2
2
provided j < m and |z 0 | is large. But if j = m, then we have |g(z 0 )| =
|z 0 | < M (|z 0 |/2, g) for large |z 0 |. Altogether, we deduce that the hypotheses
of Theorem 2 are satisfied. Similarly, we deduce that this also holds if g and
h are interchanged.
It follows from Theorem 2 (with g and h interchanged) that there exists
an unbounded sequence (tν ) such that
(13)

log |g(z)| ∼ log M (tν , g) for |z| = tν .

Now let δ be a positive constant, δ < 21 . We choose sν such that sν 6∈ F
and (tν )1−2δ ≤ sν ≤ (tν )1−δ , which is possible if ν is large enough. From
Hadamard’s three circles theorem we can deduce that
(14)

log M (rη , g) ≥ (1 − o(1))η log M (r, g)

for any η > 1. It follows that
log M (sν , g) ≤ (1 + o(1))(1 − δ) log M (tν , g) < log |g(z)|
for |z| = tν , provided ν is large enough. A result of Baker [3, p. 129] (see
also [4, p. 147]) implies that there exists a simple closed curve Γ which is
contained in the annulus sν ≤ |z| ≤ tν and surrounds the origin once and
on which |g(z)| = M (sν , g). Since we have chosen sν 6∈ F , we deduce from
Theorem 2 that

(15)

log |fn (z)| = log |h(g(z))|
= (1 + o(1)) log M (M (sν , g), h)
≥ (1 + o(1)) log M (sν , fn )

for z ∈ Γ. Now we choose rν such that rν 6∈ F and (sν )1−2δ ≤ rν ≤ (sν )1−δ .
Then log |fn (z)| > log M (rν , fn ) for z ∈ Γ by (14) and (15), provided ν is
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large enough. The argument of Baker used above shows that there exists a
simple closed curve Γ0 which is contained in int(Γ), the interior of Γ, and
surrounds the origin once and on which |fn (z)| = M (rν , fn ). Clearly, Γ0 is
contained in the annulus rν ≤ |z| ≤ tν and, for any given positive ε, we can
achieve tν ≤ (rν )1+ε by a suitable choice of δ. Also, we can achieve by a
suitable choice of rν that fk0 (z) 6= 0 for z ∈ Γ0 and 1 ≤ k ≤ n.
We define G0 = int(Γ0 ), that is, Γ0 is the boundary of G0 . For 1 ≤ k ≤ n,
we define Gk = fk (G0 ) and denote the boundary of Gk by Γk . Clearly, Γn
is the circle of radius M (rν , fn ) about the origin. Also, it is not difficult to
see that if 1 ≤ k ≤ n − 1 and ν is large, then Γk ⊂ {z : M (rν , fk )/2 ≤
|z| ≤ M (tν , fk )} ⊂ Gk+1 and Γk is a simple closed curve which surrounds the
origin once. However, if z(t) runs through Γk once, then f (z(t)) runs several
times through Γk+1 , say pk+1 times. It follows from the argument principle
that if a ∈ Gk , then the equation f (z) = a has exactly pk solutions in Gk−1 ,
counted according to multiplicity. We deduce that if a ∈ Gk , then fk takes
the value a exactly Pk times in G0 , where Pk = p1 p2 · · · pk . It follows from
Rouché’s theorem that fk has Pk fixpoints in G0 . Also, f 0 has exactly pk+1−1
zeros in Gk , again counted according to multiplicity.
In many ways, the function f , regarded as a mapping from Gk onto
Gk+1 , behaves like a polynomial of degree pk+1 . In fact, it is a polynomiallike mapping of degree pk+1 in the sense of Douady and Hubbard [19]. In
the following, however, we do not need the results of Douady and Hubbard
about polynomial-like mappings, but the elementary properties noted above
suffice for our purposes.
We note that pk and hence Pk depend not only on k but also on ν. It is
not difficult to see that pk → ∞ as ν → ∞. It follows that Pn , the number of
periodic points of period n in G0 , is much larger than Pk for any k < n. This
alone, however, does not prove the existence of periodic points of primitive
period n, since we have to take into account the multiplicities of the periodic
points.
Let P n be the number of periodic points of period n in G0 , where multiplicities are ignored. The numbers of periodic points of primitive period n
corresponding to Pn and P n are denoted by Nn and N n . Then
P n − Nn ≤

X
k<n,k|n
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Pk ≤

X
k<n,k|n

Pk .

It follows that
Nn ≥ P n −

X

Pk = Pn −

k<n,k|n

X

Pk − (Pn − P n ).

k<n,k|n

If a periodic point z0 of period n contributes to the term Pn − P n , then
we have fn0 (z0 ) = 1. It follows that if z0 has primitive period p and if t is
chosen according to Lemma 6, then pt ≤ n. Lemma 6 implies that if the
multiplicity of z0 regarded as a zero of fn (z) − z equals m + 1, then the Leau
domains associated with z0 contain at least mt singularities of f−1 . By (15),
f has no asymptotic values. It follows (cf. [37, Appendix D]) that the only
singularities of f−1 are points of the form f (c) where f 0 (c) = 0. In fact, these
values f (c) are singularities of the inverse function of the restriction of f to
the corresponding cycle of Leau domains, which, by Lemma 8, is contained in
Gp−1 . Hence this cycle of Leau domains contains a zero of f 0 and we deduce
that there are at least mt zeros of f 0 in Gp−1 which, under iteration of fp ,
tend to fj (z0 ) for some j satisfying 0 ≤ j ≤ p − 1. Also, the contribution of
{fj (z0 ) : 0 ≤ j ≤ p − 1} to the term Pn − P n equals pm. Altogether, since
and since f 0 has pn −1 zeros in Gn−1 , we find that
Gp−1 ⊂ Gn−1 and mt ≥ pm
n
Pn − P n ≤ n(pn − 1). It follows that
N n ≥ Pn −

X

Pk − n(pn − 1).

k<n,k|n

Since pk → ∞ as ν → ∞, we deduce that N n → ∞ as ν → ∞, and this
proves the conjecture of Baker referred to in the introduction.
To prove Theorem 1, we write N n = N att +N rat +N irr +N rep , where N att ,
N rat , N irr , and N rep denote the numbers of attracting, rationally indifferent,
irrationally indifferent, and repelling periodic points of primitive period n in
G0 .
First we note that any attractive or rationally indifferent cycle attracts
one singularity of f−1 by Lemmas 6 and 7. Again, it also attracts a zero of
f 0 . As above we deduce that N att + N rat ≤ n(pn − 1).
To estimate N irr , let Q be a polynomial such that Q(z0 ) = 0 and Q0 (z0 ) =
f 0 (z0 ) for all periodic points z0 of f which have period n and are contained
in Gn−1 . For 0 < ξ < 1, we define F (z) = f (z) − ξQ(z). Obviously, every
periodic point of f of period n contained in G0 is also a periodic point of F of
period n. Also, we have Fn0 (z0 ) = (1 − ξ)n fn0 (z0 ) for any periodic point z0 of f
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which is contained in G0 and has period n, that is, indifferent periodic points
of f of period n are attracting periodic points of F of period n. By Lemma
7, every attracting periodic point of F of period n contained in G0 attracts
a singularity of F−1 . As above, we deduce that this singularity corresponds
to a zero of F 0 and, if ξ is small enough, then this zero of F 0 is contained in
Gn−1 . Also, F 0 and f 0 have the same number of zeros in Gn−1 by Hurwitz’s
theorem, provided ξ is small enough. Since f 0 has exactly pn − 1 zeros in
Gn−1 , we deduce that F has at most n(pn − 1) attracting periodic points of
period n in G0 . It follows that N irr ≤ n(pn − 1). Altogether, we have
N rep = N n − N att − N rat − N irr ≥ Pn −

X

Pk − 3n(pn − 1).

k<n,k|n

We deduce that N rep → ∞ as ν → ∞, contrary to our assumption. This
completes the proof of Theorem 1.
Proof of Corollary 1. It has been noted already by Baker [6, p. 284] that
Corollary 1 follows from Theorem 1. We include the short proof only for
completeness and follow the argument of Baker. Suppose that F (z) = fn (z)
for some n ≥ 2. Let z0 be a periodic point of f of primitive period n and
define zj = fj (z0 ) for 1 ≤ j ≤ n − 1. Then zi 6= zj but F 0 (zi ) = fn0 (zi ) =
fn0 (zj ) = F 0 (zj ) for 0 ≤ i < j ≤ n − 1. This contradicts the hypothesis and
the proof of Corollary 1 is complete.

7

Some remarks and open questions

Some interesting problems concern the number n(r, 1/(fn (z) − z)) of periodic
points of period n in |z| ≤ r. This number has been estimated by Baker [4]
for functions of order less than 12 and in [13] for functions of finite order
and positive lower order. In the general case, however, no lower bounds for
n(r, 1/(fn (z) − z)) seem to be known. Although the method used in this
paper can be used to obtain some estimation for n(r, 1/(fn (z) − z)), it does
not seem to be suitable to give “good” results of this type. Baker [6, p. 284]
has asked whether N (r, 1/(fn (z) − z)) and T (r, fn ) are always of the same
order of magnitude. (For a definition of these terms of Nevanlinna theory,
cf. e. g. [28, 31].)
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One may also consider the number of repelling periodic points of primitive
period n in |z| ≤ r. Using the results of Baker [4], one can obtain some lower
bound for this number for functions of order less than 21 . Baker [4, Lemma 1]
proved, without any assumptions on the periodic points of f , that if the order
of f is less than 12 , then an equation similar to (15) holds. There are only
two differences between his equation and (15). Firstly, he does not obtain
(tν )1−2δ ≤ sν for any given positive δ, but only (tν )σ ≤ sν for some positive σ
depending on n and the order of f . Secondly, his equation holds for all large
sν , not only for some unbounded sequence of sν -values. Baker [4, Theorem
1] deduced that N (r, 1/(fn (z) − z)) ≥ (1 − o(1)) log M (rσ , fn ). He noted that
this implies that N (r, 1/(fn (z)−z)) is much larger than N (r, 1/(fp (z)−z)) for
p < n, but that this does not prove his conjecture for functions of order less
than 21 , since the N -functions count according to multiplicity. However, we
can estimate the multiplicities and the number of attracting and indifferent
periodic points with the method used in the proof of Theorem 1. If we do
so, then we obtain the following result.
Let f be an entire function of order less than 21 and n ≥ 2. Denote by
n(r) the number of repellingR periodic points of primitive period n of f in 0 <
|z| ≤ r and define N (r) = 0r (n(t)/t)dt. Then there exists a positive number
σ depending only on n and the order of f such that N (r) ≥ log M (rσ , fn ) for
all large r.
It does not seem unlikely that the above estimation holds for all entire
functions, without any restriction on the order. Possibly, it even holds for
any σ < 1.
For polynomials or rational functions, there is only a finite number of
attracting and indifferent periodic points (see e. g. [23, 36]). For entire
transcendental functions, there may be infinitely many attracting and indifferent periodic points. One may ask, however, whether there is an upper
bound for their number in |z| ≤ r in terms of log M (r, f ) or the Nevanlinna characteristic T (r, f ). (Of course, we always have the trivial estimation
N (r, 1/(fn (z) − z)) ≤ T (r, fn ) + O(log r).)

8

A new proof of a conjecture of Gross

We state the result mentioned in the introduction.
Theorem 3 Let h and g be entire transcendental functions. Then the com16

posite function h ◦ g has infinitely many fixpoints.
This result had been conjectured by Gross in 1966 (see [21, p. 542, Problem
32] and [25, p. 247, Problem 5]). The first proof was given in [12]. For a
discussion of the result and references to earlier partial results concerning
Gross’s conjecture we refer to [12]. We shall give a new proof of Theorem
3. Although some of the underlying ideas are similar, this proof is quite
different from (and probably simpler than) the proof given in [12]. However,
it fails to yield the more general result proved in [12] that h(g(z)) = p(z) has
infinitely many solutions for any nonconstant polynomial p.
Proof of Theorem 3. Suppose that h ◦ g has only finitely many fixpoints. As
pointed by Gross and Yang ([26, p. 214, proof of Theorem 2], see also Lemma
9 in §9), this implies that g ◦ h has only finitely many fixpoints. As in the
proof of Theorem 1 we can deduce from Theorem 2 that there exists a simple
closed curve Γ which is contained in the annulus sν ≤ |z| ≤ tν and surrounds
the origin once and on which log |h(g(z))| = (1 + o(1)) log M (M (sν , g), h).
Rouché’s theorem implies that the number of fixpoints of h ◦ g in the interior of Γ equals the number of solutions of h(g(z)) = a in the interior of Γ,
provided ν is large enough. Here a is any fixed complex number. A suitable
choice of a yields that h ◦ g has infinitely many fixpoints, contrary to our
assumption. This completes the proof of Theorem 3.
Remark If we consider Theorem 2 only as an intermediate step in the proof
of Theorem 3, then we can do without the word “repelling” in Theorem 2.
This simplifies the proof. We do not need Lemma 5, but only a strong form
of Landau’s theorem [28, p. 169]:
If h(z) is analytic for |z −z0 | < R and fails to take the values zero and one
there, then |h0 (z0 )|R ≤ 2|h(z0 )|(| log |h(z0 )|| + K) for some absolute constant
K.
To prove the version of Theorem 2 where the word “repelling” is omitted,
we proceed as in the proof of Theorem 2 and define w0 and u in the same
way. However, we define
h(g(z)) − z
.
zeτ1 (z) − z
Again, we find that (8), (9), and (10) hold. Hence (11) also holds and we
deduce that f takes one of the values zero and one in D(z0 , Cr/ν(r, g)), if the
f (z) =
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constant C is chosen large enough and r 6∈ F . Using Lemma 3 we find that
if C 0 > C + 2π, then h ◦ g has a fixpoint z 0 in D(z0 , C 0 r/ν(r, g)), provided
r 6∈ F . Also, we see that z 0 satisfies (12), and this completes the proof of this
version of Theorem 2.
We remark that this weaker version of Theorem 2 also suffices for the
proof of Baker’s conjecture referred to in the introduction. Theorem 2 in the
form stated in §4 is needed, however, for the proof of Theorem 1. It will also
be used in the next section.

9

A generalization of Theorem 3

In this section, we shall prove the following generalization of Theorem 3 and
Corollary 2.
Theorem 4 Let h and g be entire transcendental functions. Then h ◦ g has
infinitely many repelling fixpoints.
First we need the following lemma.
Lemma 9 Let h and g be entire transcendental functions. Then h ◦ g has
infinitely many repelling fixpoints if and only if g ◦ h does.
This result without the word “repelling” is due to Gross and Yang [26, p.
214, proof of Theorem 2] and was already used in the proof of Theorem 3.
The following proof follows the argument of Gross and Yang.
Proof of Lemma 9. Suppose that h ◦ g has infinitely many repelling fixpoints
z0 , z1 , z2 , . . . and define wk = g(zk ) for all k. Then (g◦h)(wk ) = g(h(g(zk ))) =
g(zk ) = wk for all k. Moreover, if wj = wk , then zj = h(g(zj )) = h(wj ) =
h(wk ) = h(g(zk )) = zk . It follows that g ◦ h has infinitely many fixpoints w0 ,
w1 , w2 , . . .. Since (g ◦ h)0 (wk ) = g 0 (zk )h0 (wk ) = (h ◦ g)0 (zk ) and since zk is a
repelling fixpoint of h ◦ g, it follows that wk is a repelling fixpoint of g ◦ h for
all k. This completes the proof of Lemma 9.
Proof of Theorem 4. Suppose that h ◦ g has only finitely many repelling fixpoints. Using Lemma 9, we find as in the proof of Theorem 1 that there exists
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a simple closed curve Γ0 which is contained in the annulus rν ≤ |z| ≤ (rν )1+ε
and surrounds the origin once such that
(16)

|h(g(z))| = M (rν , h ◦ g) (z ∈ Γ0 ).

We define G0 = int(Γ0 ), G1 = g(G0 ), Γ1 = ∂G1 , and G2 = h(G1 ). Clearly,
G2 is the disk around zero of radius M (rν , h ◦ g). As in the proof of Theorem
1, we find that there exist positive integers p1 and p2 (depending on ν) with
the following properties:
(i) For every value a ∈ G1 , the equation g(z) = a has p1 solutions in G0
and g 0 has p1 −1 zeros in G0 , counted according to multiplicity.
(ii) For every value b ∈ G2 , the equation h(z) = b has p2 solutions in G1
and h0 has p2 −1 zeros in G1 , counted according to multiplicity.
(iii) h◦g has p1 p2 fixpoints in G0 , counted according to multiplicity as zeros
of h(g(z)) − z.
(iv) p1 → ∞ and p2 → ∞ as ν → ∞.
We define P = p1 p2 , that is, P is the number of fixpoints of h◦g in G0 , counted
according to multiplicity. By P we denote the corresponding number where
multiplicities are ignored.
Suppose that a fixpoint z0 contributes to the term P −P , that is, suppose
that z0 has multiplicity m + 1 for some positive integer m. As in the proof
of Theorem 1, we deduce from Lemma 6 and (16) that there are m zeros
z1 , z2 , . . . , zm of (h ◦ g)0 in G0 , which tend to z0 under iteration of h ◦ g.
Moreover, z1 , z2 , . . . , zm can be chosen such that h(g(zi )) 6= h(g(zj )) for i 6= j.
This latter assertion follows from the fact that we may assume that each Leau
domain corresponding to z0 contains exactly one zj .
We say that two zeros z1 and z2 of (h◦g)0 in G0 are equivalent, if h(g(z1 )) =
h(g(z2 )). By N we denote the number of equivalence classes. The above
observation can now be written in the form P − P ≤ N . Similarly, we write
P att , P rat , P irr , and P rep for the number of attracting, rationally indifferent,
irrationally indifferent, and repelling fixpoints of h ◦ g in G0 . As in the proof
of Theorem 1, we can show that P att + P rat ≤ N and, using again a small
perturbation of h ◦ g, we find that P irr ≤ N . Altogether, we have
P rep = P − (P att + P rat ) − P irr − (P − P ) ≥ P − 3N.
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On the other hand, since g 0 has p1 − 1 zeros in G0 and since h0 has p2 − 1
zeros in G1 , we have N ≤ (p1 − 1) + (p2 − 1) = p1 + p2 − 2. Since P = p1 p2 ,
it follows that P rep ≥ p1 p2 − 3p1 − 3p2 + 6. We deduce that P rep → ∞ as
ν → ∞. This is a contradiction and the theorem is proved.
Concluding Remarks Some of the questions asked in §7 for iterated entire
functions may also be asked for composite entire functions. For instance, one
may ask for lower bounds for the number of fixpoints of h ◦ g in |z| ≤ r. It
seems likely to me that N (r, 1/(h(g(z)) − z)) and T (r, h ◦ g) are always of the
same order of magnitude in some sense. In fact, I do not know an example
where the Nevanlinna deficiency δ(0, h(g(z)) − z) is greater than zero. Similarly, one may ask for lower bounds for the number of repelling fixpoints of
h ◦ g in |z| ≤ r.
It was proved in [14] that h ◦ g has infinitely many fixpoints if h and g are
transcendental meromorphic functions and if g has at least three poles. The
proof shows that in this case one of the poles of g is a limit point of fixpoints
of h ◦ g. Choosing h = f and g = fn−1 we see that a transcendental meromorphic function f has infinitely many periodic points of primitive period
n, if n ≥ 2 and if fn−1 has at least three poles. This result remains valid if
fn−1 has only one or two poles, as can be seen by suitable modifications of
the method used in this paper.
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[23] P. Fatou, Sur les équations fonctionelles, Bull. Soc. Math. France 47
(1919), 161-271; 48 (1920), 33-94, 208-314.
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