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The proof of Theorem 2 of the paper mentioned in the title [1] is not correct. In fact the
argument used there is correct only if log T (r) is convex in log r, which is not the case in
general. I do not know whether Theorem 2 holds in the form it was stated. The purpose
of this note is to prove that the conclusion of Theorem 2 holds if the function γ occurring
there also satisfies the hypothesis of Theorem 3, that is, if

log γ(r)

log r
→∞ (r →∞)(26)

and the function h(x) = γ(ex) satisfies(
h′(x)

h(x)

)′
≤
(
h′(x)

h(x)

)3/2

(x > x0)(27)

for some sufficiently large x0. We note that this additional hypothesis is satisfied in the
corollaries to Theorem 2.

We refer systematically to the notation, and formulae (1) - (25), of [1]. To prove that
the conclusion of Theorem 2 holds with the additional hypotheses (26) and (27), we put
Φ(x) = log h(x) and start by proving that if a sequence (xj) satisfying xj → ∞ is given,
then there exist sequences (Mj) and (εj) satisfying Mj →∞ and εj → 0 such that

Φ(xj + h) ≤ Φ(xj) + Φ′(xj)h+ εj(28)

for |h| ≤ Mj/Φ
′(xj). To see this, we note that (27) implies that Φ′′(x) ≤ Φ′(x)3/2 for large

x. It follows that if M is a positive constant, h = M/Φ′(v), and v is large enough, then
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This implies that (21) holds for large v. Similarly, we see that (22) holds for large v. As in
the proof of Lemma 1 we conclude that (16) holds for large v, and this implies the desired
conclusion.



Now we define L(r) by T (r) = γ(L(r)) and put

λL = lim inf
r→∞

logL(r)

log r
and ρL = lim sup

r→∞

logL(r)

log r
.

Since T (r) ≤ γ(r) for arbitrarily large r, we have λL ≤ 1.
Next we prove that for given sequences (sj) and (tj) which tend to ∞, there exist

sequences (rj) and (Kj) which tend to ∞, a sequence (δj) which tends to zero, and a
sequence (σj) which tends to λL such that rj ≥ tj and

L(r) ≤ (1 + δjσj| log
r

rj
|)
( r
rj

)σj

L(rj)(29)

for σj| log r/rj| ≤ Kj and r ≥ sj. Of course, (rj) is a sequence of Pólya peaks of order λL
for L(r), and in fact the existence of the above sequences follows easily from Edrei’s [2, p. 6]
proof of the existence of Pólya peaks if λL < ρL ≤ ∞. In this case, we may even choose
δj = 0. If λL = ρL > 0, let ρ(r) be a proximate order satisfying L(r) ≤ rρ(r) for all large r
with equality on a sequence (rj) which tends to∞ (cf. [3, p. 35]). Passing to a subsequence
if necessary, we may assume that rj ≥ tj. We recall that, by the definition of a proximate
order in [3], we have ρ(r)→ ρL and ρ′(r)r log r → 0. We define σj = ρ(rj) and deduce that

L(r)

L(rj)

(rj
r

)σj ≤ rρ(r)
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(ρ′(t) log t+
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t
)dt
)
≤ exp(εj| log

r
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|)

if r ≥ sj, where εj → 0. Defining Kj = 1/
√
εj and δj = 2εj/σj, we see that the desired

conclusion holds for large j. Finally, if λL = ρL = 0, we define cj = L(tj) and σj =
inf{σ|L(r) ≤ cjr

σ for all r ≥ 1}. Then there exists rj ≥ 1 such that L(rj) = cj(rj)
σj . We

easily see that (rj) has the desired properties if we choose δj = 0 and take any sequence
(Kj) that tends to ∞.

Now choose (sj) and (tj) such that tj/sj → ∞, let (rj) be as above, and define xj =
logL(rj). Since Φ(x) = log γ(ex) we deduce from (28) that

γ(L(r)) ≤ (1 + o(1))
( L(r)

L(rj)

)µj

γ(L(rj))(30)

for

| log
L(r)

L(rj)
| ≤ Mj

µj
(31)

where µj = L(rj)γ
′(L(rj))/γ(L(rj)). Our hypothesis on γ imply that µj → ∞. We may

assume that Mj tends to ∞ so slowly that Mj/2µj ≤ Kj and δjMj → 0. This, together
with (29), implies that if | log r/rj| ≤Mj/2σjµj and r ≥ sj, then

L(r)µj ≤
(
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2µj

)µj
( r
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)σjµj
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µj .(32)

It follows that (31) and hence (30) hold for large j, provided | log r/rj| ≤ Mj/2σjµj and
r ≥ sj. Combining (30) and (32) we find that

T (r) = γ(L(r)) ≤ (1 + o(1))
( r
rj

)σjµj

γ(L(rj)) = (1 + o(1))
( r
rj

)σjµj

T (rj)(33)



for | log r/rj| ≤Mj/2σjµj and r ≥ sj. We may assume that σjµj →∞ since otherwise T (r)
has Pólya peaks of some finite order and the conclusion follows from the remarks made in
the introduction of [1]. It follows that if Mj tends to∞ slowly enough, then r ≥ sj is always
satisfied if | log r/rj| ≤ Mj/2σjµj. As in the proof of Theorem 1 we can now deduce from
(33) that

logM(rj) ≤ (1 + o(1))πσjµjγ(L(rj)) = (1 + o(1))πσjΨ(T (rj)).

This completes the proof since σj → λL ≤ 1.
We remark that if λL = 0, then the range of r-values where (29) holds is larger than

in the usual definition of Pólya peaks, and for our purposes this larger range is actually
needed. To me it seems more natural to work with these larger intervals if λL = 0. We also
remark that in order that (29) holds, it is not necessary that σj → λL but we may achieve
σj → σ for any σ satisfying λL ≤ σ ≤ ρL. Moreover, we do not need λL ≤ 1. In fact,
even the case λL =∞ is not excluded, but can be treated using the methods of the proof of
Lemma 1 in [1]. (In this case, the range of r-values where (29) holds is smaller than in the
usual definition of Pólya peaks.) Finally, we remark that it was proved in [1, p. 173] that if
L(r) is convex in log r and if 0 < σ <∞, then we have rjL

′(rj)/L(rj) ∼ σ for any sequence
(rj) of Pólya peaks of order σ for L(r). Since it follows from (29) that σj ∼ rjL

′(rj)/L(rj),
we see that such peaks also exist if L(r) is only assumed to be increasing and differentiable.
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